Introduction
An important problem in analytic number theory is to understand the m-th moment of quadratic Dirichlet L-functions
where χ D is the quadratic Dirichlet character associated to Q( √ D) as defined in [11] . Besides its own interest, this mean value problem also plays a crucial role in the studies of such as the Lindelöf Conjecture and the folklore non-vanishing conjecture that L 1 2 , χ D = 0. See, for example, [5] [7] [12]. Jutila [7] was the first to obtain the asymptotic formulas for the cases m = 1, 2, and Soundararajan [12] succeeded in the cubic case. For higher moments, a good upper bound has been obtained by Heath-Brown [6] in the quartic case, but their asymptotic formulas are still out of reach. In general, motivated by the fundamental work of Katz and Sarnak [8] on symmetric types associated to families of L-functions, and by calculations of Keating and Snaith [9] based on random matrix theory, Conrey ; see also [2] . Many even suggest that the error term here be of order x 1 2 + . Diaconu, Goldfeld and Hoffstein [4] studied this problem through the approach of multiple Dirichlet series and gave another heuristic argument of (1.2) . In particular, to analyze the cubic moment, they considered the multiple Dirichlet series
and its related functions (for notations, see Section 2)
where a, b ∈ Z with ab = ±1, ±2 and P a d (s) is a Dirichlet polynomial as defined in Section 3. For s in a neighborhood of 2)), in this region. With this information, the authors were able to establish the asymptotic formula for the cubic moment of quadratic Dirichlet L-functions with the best known error term
The present paper continues the study of analytic properties for Z (s, w 
where b ≈ −0.215 is a constant.
Since our main interest is to study the existence of the possible "exceptional main term" x 3 4 , in Theorem 2 we do not seek the weakest possible growth condition for (1.11). A less restrictive condition on r would, at least, lead to a similar asymptotic expansion as in (1.11) for certain weighted cubic moments. One may observe, from Propositions 1 and 2, that Z( (3.4)) satisfies certain functional equation of form w → 1 − w, so a application of the Phragmen-Lindelöf Principle suggests that we might be able to take r = . Such an estimate is still beyond our reach, but in [4] it is shown that we can take r = 5(1 − σ) for σ > 4 5 , which is already sufficient to yield a weighted cubic moment with error terms of order x 4 5 + . The asymptotic expression (1.11) can be compared with the available data [10] for x ≤ 10 7 , and numerical calculations over a much larger region are expected. The appearance of the exceptional main term x 3 4 suggests an unexpectedly fine structure for moments of quadratic Dirichlet L-functions (1.1). It will be interesting to locate such exceptional main terms for higher moments, and we will return to this topic in a separate paper.
The paper is organized as follows. In Section 2 we set the notations. Section 3 introduces a family of multiple Dirichlet series Z M (s, w; a, b) as well as their analytic properties, especially their functional equations. These functional equations readily imply the appearance of the pole for Z( 
Symbols and Notations
For a (positive or negative) integer , we always write = 0 2 1 , where 0 is squarefree and 1 is positive. Also, we write δ = sgn( ), and let χ 0 = · 0 be the quadratic Dirichlet character of conductor 0 . Furthermore, we introduce some variants of the divisor function.
denote the local and partial Riemann zeta functions at N respectively. Similarly, for every Dirichlet character χ we also write
Finally, for reference we list some functions that will be used extensively in our future discussions.
Functional Equations
Let M be a positive squarefree even integer and a, b its (positive or negative) coprime divisors, then [1] shows that, for every integers d, n coprime to N , there exist (unique) Dirichlet polynomials
Now define the multiple Dirichlet series
then it is known [1] [4] that Z M (s, w; a, b) has a meromorphic continuation in s, w to everywhere, and that the only possible poles for Z M ( 
where R M (s) is as defined in (2.11). The possible pole w = .2), and the other coming from the "quadratic reciprocity law" (3.3). They were indicated in [1] [4] , but for our purposes we need their exact formulations, so we list them explicitly as follows. The proofs are essentially the same as those for Propositions 4.2 and 4.3 in [4] , and we omit them here.
Proposition 1. The function Z M (s, w; a, b) satisfies a functional equation
more precisely, we have
Proposition 2. The function Z M (s, w; a, b) satisfies a functional equation
where
One may observe that these functional equations imply that Z M ( 
Computation of Residues
In this section, we apply the above functional equations to compute the residue of Z M (s, w; a, b) at w = To begin with, we apply (3.5) to Proposition 1.
Proposition 3. We have
where R M (s) is as defined in (2.11) and
Proof. First assume that a ≡ −1 (mod 4), then (3.6) gives
If 2 b, then we have 
This proves the proposition in the present case. The other cases can be studied similarly, so we omit the details.
To determine the residues along the polar line w = 3−3s 2 , we apply Proposition 2 upon Proposition 3.
Proposition 4. We have
where, for δ, = ±1, we write
and C(s; a, b) equals to
Proof. If b ≡ 1 (mod 4), we may check that χ (auv) 0 (|b|)χ b (uv) = χ a (|b|) and χ −1 (|b|) = δ b , so combining Propositions 2 and 3 we have
whence in (4.1) we have
In case 2 a, this gives Hence the proposition is proved in the case that b ≡ 1 (mod 4) and 2 a. The other cases can be proved similarly.
To compute the residue of Z( 
−
Now (4.2) follows easily from a case-by-case study for the sums over fundamental discriminants D with given sign and given congruence class modulo 8.
